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On the density of states of Schrodinger operators with a
random potential

Werner Kirsch and Fabio Martinellit

Institut fiir Mathematik, Ruhr-Universitit Bochum, West Germany
Received 25 January 1982

Abstract. Using very recent results on ergodic theorems for superadditive processes on
R?, we prove the existence of the density of states for a wide class of random Schrddinger
operators. In particular, new non-asymptotic estimates on the density of states are obtained
and examples are discussed.

1. Introduction

Schrédinger operators H, = —A+ V,, with a random potential V,, occur naturally in
models of disordered systems (see e.g. Lifschitz 1965); a quantity of particular interest
is the ‘integrated’ density of states p(A) defined as the thermodynamic limit

1
pA(A’ (U)

= Ul

where pa(A, w) is the number of eigenvalues less than A of H,, restricted to a finite
box A with appropriate boundary conditions. A number of papers in both mathemati-
cal and physical literature have been devoted to the proof of the existence of the
above limit and its independence of the particular realisation of V,, and to the estimate
of its asymptotic behaviour as A goes to either the left edge of the spectrum of H,, or
to plus infinity. We refer the reader to the work by Pastur (1973, 1971, 1972, 1977),
Fukushima (1974, 1980), Fukushima and Nakao (1977), Nakao (1977) and Kotani
(1976). The main tool for their proofs is the representation of the Laplace transform
of pa(A, w) as a Wiener integral, together with estimates on the asymptotic behaviour
of such integrals for large times. However, a key assumption was the strict stationarity
and ergodicity of the potential V,, as well as some regularity of its sample paths.
Therefore the method does not cover the following physically interesting case when
V., is a random modification of a periodic structure:

Volx)= 3 filw, x—x) (1)
where {x;};cz¢ is a lattice in R? and fi(w) is a random function. An example of such
a potential is the case when fi(w, x) = g;(w)f[x — &i(w)] where {g: (w)}iez¢ and {&(w)}icz¢
are two ergodic random fields on Z¢, which models a solid with ‘particles’ with random

+ On leave of absence from Istituto di Fisica GNFM, Universita di Roma, Italy.
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charges q;(w) located at the random positions x; + & (w). Hamiltonians of such a kind
have been studied in Kirsch (1981) and Kirsch and Martinelli (1981a, b, ¢, 1980) (see
also Lieb and Mattis (1966) for physical background and specific models). In this
paper we present a new proof for the existence and non-randomness of the density
of states, as well as new non-asymptotic estimates, which, besides generalising previous
results for metrically transitive potentials, also covers case (1). Our results are based
on well known estimates on the number of bound states of Schrédinger operators
(see Lieb and Thirring (1976) and Lieb (1976)) and on very recent results on ergodic
theorems for superadditive processes due to Akcoglu and Krengel (1981). We also
refer the reader to the paper by Slivnyak (1966) for a somewhat similar approach to
the problem. We now briefly present the contents of the various sections. In § 2 we
recall and prove some simple results concerning Schrodinger operators in a finite box
A. In § 3 we prove the existence of p(A) as well as the basic estimates, and we discuss
the dependence of p(A) on the boundary conditions. In § 4 we prove some asymptotic
results for A » £ which are then applied first to the case when V,, is a random step
function on R? and then to the case when V,, is an arbitrary gaussian random field,
These examples illustrate the difference between the density of states computed in
the continuous and discrete cases (tight-binding model) when the Laplacian is replaced
by its discrete version on /*(Z%). Other interesting questions concerning p(A), such
as its support properties as a measure on the real line, the computations of the Lifshitz
exponents (see Lifshitz (1965) and Romerio and Wreszinski (1979)) for some cases,
as well as the extension of the present results to the case of N interacting particles
subjected to an external random field, will be discussed in a forthcoming paper.

2. Schrodinger operators in finite boxes

In this section we state and prove some results concerning Schrédinger operators in
a finite box A< R? d =1, which will be needed later when we will discuss random
Schrédinger operators. In the sequel A will denote an arbitrary bounded open
hypercube in R

Definition 2.1. Let H'(A) ={f€ L*(A); Vfe L*(A)} where the gradient is intended in
the distributional sense. It is well known (see e.g. Adams 1975) that H (A) is a Hilbert
space under the norm ||fllia) = Ziaj<1 ID*A3)"/? where |||, is the L*(A) norm and
D* are the usual distributional derivatives. Let also H¢(A) be the closure of C§ (A)
in the norm ||-||51x). We then define (see e.g. Reed and Simon 1978b) the Dirichlet
Laplacian in A, —AR, as the unique self-adjoint operator on L*(A) whose quadratic
form is the closure of the form

4°(f, g) = j TF Vo)x)dx,  f,geCE(A).

The Neumann Laplacian in A, —AL, is the unique self-adjoint operator on L*(A)
whose quadratic form is

™, g)= j TF - Ve)x)dx,  fgeH'(A)

The following theorem is well known (see e.g. Reed and Simon 1978b).
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Theorem 2.1. Both —AY and —A} have compact resolvent, so that their spectra consist
of isolated eigenvalues of finite multiplicity, denoted by uk and uy respectively, such
that ui = +00, wi = +00 as k - +00.

In order to define the Schrddinger operators —Ax + V, —AXN+ V in A we need the
following lemma.

Lemma 2.1. Let VelL?(A) withp=1ifd=1, p>1if d=2, and pz%d if d=3.
Then V as an operator on L*(A) is a small form perturbation of both —~AY and —A%.

Proof. We have to show that Vfe H'(A)

L V)f(x)? dx SeL IVF()P dx + e, VIIAR @)

Ve >0 and some constant b(e, V)=0. Since V can be split into V = V,+ W where
Veoe L™(A) and W e L7(A), and furthermore for any £ >0 V. can be chosen so large
that | WJ|, <e, (2) follows immediately from the usual Sobolev embedding theorems
(see e.g. Adams 1975 and Faris 1975).

Remark 2.1. It is worthwhile to note that the constant b(e, V) can be chosen as small
as we like for ||V}, sufficiently small.

Let us now denote by HY and H} the operators —Ax + V, —A} + V respectively,
defined for V as in lemma 2.1 as form sums (see e.g. Reed and Simon 1978a). For
both H 1,3 and H R‘ one has the following perturbation result.

Proposition 2.1.

(a) Both H and HY have compact resolvent.

{b) If we denote by A,(H DY AL(HY) the eigenvalues (counting multiplicity) of
HP, HN respectively, then V& >0

—b(e, V)+(1—e)pr <A (HR)<(1+£)ur +b(e, V),
—b(e, V)+{1—g)un SA(HX)<s(L+e)uy +b(e, V),

where 12, u) are the eigenvalues of ~AY and -AY respectively.

(c) exp(—tH?), exp(—tHf), t >0, are trace class.

(d) If V.eL"(A), VeL?(A) and ||V — V,||, > 0 as n > +o0, where p is as in lemma
2.1, then

A(HT )= A (HR), A(HY Y= A (HR) as n - +00,

(e) Trlexp(~tHY )]—»Tr[exp(—tH?)] as n >+, Vr>0, and the same holds for
HY. HY. Here Tr denotes the trace.

Proof.
(a) It follows from theorem XII1.68 of Reed and Simon (1978b).
(b) It is a straightforward consequence of the min-max principle and lemma 2.1.
(c) It follows from (b) and the fact that both exp(tA?) and exp(rA}), >0, are
trace class,
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(d) From the min-max principle and lemma 2.1 applied to V — V,, we have that
for any £ >0

—ble, V=-V)+h[-(1-)AR + VIs A HD Y s [ (1+6)AR+ V]+b(e, V- V,).

Since b(e, V — V,) can be taken arbitrarily small for n >+, we have that if A2 (c0)
is an accumulation point of A, (H D) then

M-(1=e)AR+ V]sAR (@) s A [-(1+e)AR+ V] Ve >0.

If we observe now that —(1+£)ARN+V (—(1-¢)AY+ V) are families of closed,
semibounded quadratic forms decreasing (increasing), as € - 0, to the quadratic form
-AD+ V, we can apply a general result due to Robinson (1971) (see also Simon 1978
and Weidmann 1980) to get that A} () = A, (H™). The same argument clearly applies
to Ac(HM).

(e) Itis an immediate consequence of (d) and (c).

Remark 2.2. Actually for the definition of the operators Hy and HY% it is not
necessary for the potential V to be a function. It can also be a distribution, provided
it is small in the sense of quadratic forms with respect to the Dirichlet and Neumann
Laplacians. This is the case, for example, when V(x)=2X/., §(x —x;), (x;){=; being n
arbitrary different points in A and & the usual delta function at x =0.

By means of the above proposition we are now able to define, for a fixed hypercube
A in RY two positive non-decreasing functions of bounded variation in R, p? (A),
pf (A) as follows.

Definition 2.2.
PR () = #{k eN: L(HP) <A},
paA(A)= #{k eN; A (HY) <A},
The following monotonicity properties of p5 (1) and p} (A) with respect to the box
A, known as the Neumann-Dirichlet bracketing, will be useful later on. In the sequel
we assume that if VeL”(A'), p as in lemma 2.1, then VA< A, pR(A), pN(A) are

computed for the operators —A,'? + Va, —A’: + V4, 0n LZ(A) where V, is the restriction
of Vto A.

AeR.

Proposition 2.2.
(@) f A< A'thenph (A
(b) VACRY,  ph(A

=ph(A), AeR.
=oRh(A), AeR.

(c) Let Aj, A, be disjoint open hypercubes such that (A; U A,)™ = A and A\V(AL U
A3) has measure zero. Then

PR(A)=pR ) +pR,(A), AeR,
PR (A)<pX, W) +pX, (1), AeR.

For a proof of the above proposition we refer the reader to Reed and Simon (1978b,
ch XIII, 15) (see also Glimm and Jaffe 1981).
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Finally we will need the following asymptotic result (see e.g. Lieb 1976, Reed and
Simon 1978b and Simon 1979).

Proposition 2.3.

p (A) (1)
hm pAAd/2 WIAL llm Px)‘d/z Qn )d' |

A~

where 7, is the volume of the unit sphere in R? and |A| is the Lebesgue measure of A.

Proof. We give the proof only for piy (A) since pj (1) can be treated in the same way.

From point (b) of proposition 2.1 we have

A+bie, V)}
(1-¢) V

A—b(e, V)}
1+¢ ’

p‘;(A)s#{keN;uE< Ve >0,

p?(/\)z#{keN;p,E< Ve>0.

The result now follows from Weyl’s result on

o P 7
Fy)=#{keNsul <A}, lim =S =0g AL

3. Existence of the density of states and independence of boundary conditions

Let V(x, w) be a jointly measurable random field on R such that:

(a) There exists a group of measure preserving transformations {T;}icr, I = R? or
I=7% in the probability space (€1, &, P) such that V(x, Tw)= V(x — i, w)Viel, and
{T:}ier is metrically transitive in the sense thatif TA=A Viel Ae &, then P(A) is
either one or zero.

(b) If I=R? then E{|V(0, w)’}<+o. If I=Z% then E{f, |V (x, o) dx}<+c0.
Here p is as in lemma 2.1, E denotes the expectation with respect to the measure P
on (), %) and Ao ={{xi}{-1 € R?; —3<=x; <31}. In the sequel we will refer to (a) and (b)
as assumption A. We will also denote by HY (w), H} () the operators AR+ V(- w),
—AV+ V(-, w) respectively, and by Pr(A, @), pn (A, w) the corresponding distribution
functions defined as in § 2. We notice that HY (w) and HY () for a fixed hypercube
A are well defined for almost all w e, since V (-, w)e L?(A) almost surely using
assumption A (b), and that using the general results of Kirsch and Martinelli (1981a)
both pS (A, w) and p} (A, ) are measurable in A and w.

Proposition 3.1. LetAc R? be a fixed bounded hypercube and assume that the random
field V(x, w) satisfies assumption A. Then

(@) if d =3 E{p2 (A, o)} < ch{j (V(x, @)= A) 2 dx}
A
for some positive constant C,, where for Ve L?(A), V™ =max(V, 0);

(b) ifd=2 E{ph(A, 0)}=< CzE{ L (V(x, w)=A—7)]° dx}/np_x
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for some positive constant Cs, any 7 >0 and any p>1;

@ itd=1  E{Rw)<CH| L (V(x,@)=A=n)]dx} Vi
for some positive constant C; and any n >0.

Proof.
(a) By definition

PR (A w)= #{keN; M [HR(w)]<A}
= #{k e N; M [HR(w)—A]<0}
s #{keN; A f=A+(V,—1) xal<0} 3)

by proposition 3.1 and the min-max principle, where A [—A+(V,—A) xa] are the
eigenvalues (given by the min-max) of —A+(V, —A) xa in L*R?). Here xalx)=1if
x €A, ya(x) =0 otherwise. By the Cwikel-Lieb-Rosenbljum bound (see e.g. Reed
and Simon 1978b) the RHS of (3) is less than

Gf IVee-0T1d o
A

(b) As in the proof of (a) we can bound ph (A, w) by
pr(A, o)< #{keN; A[-A+ (Vo —A —1) " xal<—n} Vn>0. @)

Using now the Lieb-Thirring bound (see Lieb and Thirring 1976), we obtain that (4)
is bounded by

1 -
Cz?—"—lj (V,—A—n)F dx, C,>0,vVp>1.
A
(c) This is proved in exactly the same way.

In order to prove the main theorem of this section we need the following result
due to Akcoglu and Krengel (1981). Let & be the class of sets [a, ») of the form
[a,b)={xeR’ a;<x;<b,i=1...d, a beR'}. The class %, is defined analogously
but with @ and b in Z%. A family of sets (A,),<o (Q < Q, the field of rational numbers)
in & is called regular if there exists another family (A}) in & such that

(i) A, <ALVr;

(ii) A,= A.whenever r<s;

(iiiy 0<]A)|=C|A,| Vr and some constant C >0, where |A,| denotes the Lebesgue
measure of the set A,. If furthermore the family (A}) can be chosen in such a way
that R? =, A, then we say that lim,, .o A, = R%

An analogous definition holds for a family of sets in %, but in this case r ranges
over the integers. Let now T =(T;);cr, I equal to either RY or Z% be a group of
measure preserving transformations in a probability space ({1, #, P) as in assumption
A, and let F: > L'(Q, P) be a set function with the following properties in the case
when I =R*:

(i) FA(Tw)=Fai(w), AeF Viel,;

(ii) ifA;... A, aredisjointsetsin ¥ andif A = U?=1 Ajisalsoin Fthen Fy =37 Fy ;
1

(iii) SUP(W J. Fialw)dP(w), Ac F,|Al> 0) = y(F)< +00;
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and the same when I = Z* but with & replaced by #,. Then F is called a superadditive
process with respect to the group (T});c. For such a class of processes Akcoglu and
Krengel proved the following.t

Theorem 3.1. Let F be a superadditive process with respect to the group (7;);cp¢ such
that there exists a F € L'(Q, P) with Fi,,,<F, Va and b with |a;| <1, |b;|<1, a, b; € Q,
i=1...d. Let also (A,) be a regular family in & with lim,. .. A, =R% Then
lim, v Fp,(w)/|A,| = v(F) almost surely.

An analogous result holds in the discrete case I = Z for any discrete superadditive
process F and any regular family (A,) in &%,;. Note that in the discrete case the
additional assumption Fi,;, <F is not necessary.

We are now in a position to prove the following theorem.

Theorem 3.2. Let V(x, w) be a random field on R? satisfying assumption A. Then

there exists on Ra non-decreasing positive function p”(A) and aset Qo = Q of P-measure
one such that VA € Q

1
lim ——pa, (A, w)=p(A) Yo ey
ro+00 ‘Ar[
where {A,} is a regular family in & or %, increasing to R? the choice of & or F,
depending on whether the set I of assumption A is R¢ or Z%

Proof. We treat only the case I = R% the other one being completely analogous. We
first show that for A € Q fixed pR(A, w), Ae F is a superadditive process with respect
to the group (T});cq in the sense explained before, and that it satisfies the additional
condition of theorem 3.1. It is clear from assumption A and proposition (2.2) that
the first two properties of the definition of a superadditive process are satisfied.
Furthermore, from proposition 3.1, the stationarity of the random field V(x, ) and
assumption A, we have that

VACR! JAIT E{pR (A, @)} < CLE{|V (0, 0) = A’ x(V(0, ) <A)} < +00

for d = 3 and similarly for d =2 and 4 = 1, so that ph (A, @) is a superadditive process.
Since pS (A, w) is positive, the condition of theorem 3.1 is clearly satisfied, and thus
there exists a set {1, < () of probability one such that

1 1
lim —pR (A, w)=sup —E{pR (A, w)}=p"(1), Yo e,
r—»+4o0 |A'| AEyIAI

Taking now Qo= rco . and defining p°(A) =lim, .. p”(A,,) for A € R\Q, where A,
is a sequence of rational numbers decreasing to A, we obtain the statement.
An immediate corollary is the following.
Corollary 3.1. Let p°(A) be defined according to the previous theorem. Then
(a) if the index set I of assumption A is R?, for any A € Q:
@ p°A) < CE{V(0, )= A" x(V(0, 0)<A)} ifd=3;

+ Actually Akcoglu and Krengel worked with the semigroup (T3), { E(R+)d or i E(Z+)d but, as is said in
Krengel (1982), all their results extend immediately to the case we consider,
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(i) p°A) < GE{V(0,w)—A = nfx(V(0,w)<A+7)}/n""" Vn>0
and p>1 such that E{|V(0, )|’} <+, if d =2;
(iii) pP°(A)< CLE{|V(0, w)=A =[x (V(0, w) <A +7)}/Vn, Vn>0ifd=1,

(b) if I=2Z"for any A € Q:

i) p°0) = CE| |

Ao

[V (x, ) =A|7*x(V(x, w)<A) dx} ifd=3;

@) "N =GE|[ 1V w)=A=nPx(Vimw)<a+md} /a7, Vo,
Ao

p>1 as in assumption A, if d =2;
(i) p”W) < CE| [ Ve @) -2 —nle(V(s 0) <A +m ax] [V,
Ao

Vn>0ifd=1,

where C,;, C, and C; are the constants appearing in proposition 3.1, Ao is
as in assumption A and y(V(0, w)<A) is the characteristic function of the event
{V0,w)<Al

Proof.

(a) Since p”(A)=sup(A| 'Epi(A, w), A€ F, |A|>0) the estimates (i), (ii), (iii) fol-
low immediately from proposition 3.1 and the strict stationarity of the random field
Vi{x, o).

(b) is proved in an analogous way.

Remark 3.1. In Krengel (1982) theorem 3.1, and therefore theorem 3.2 and corollary
3.1, is extended to the more general case where the superadditive process F is defined
on the class of all Borel subsets of R and the limit is taken over a sequence of convex
sets (A,),cq satisfying the following regularity conditions.

(i) B(A,)—> +00as r—>+00, where B(A,) is the supremum of all s >0 for which there
exists a sphere S(x, s) = (y e R?; |y — x| <s) contained in A,.

(if) There exists a constant C' >0 and a sequence A; in & such that A;c A, and
|A]<CIA|.
In this case one gets again the almost sure convergence of {Fx }/|A,l.

Remark 3.2. The existence of the limit function pD(A), usually called the integrated
density of states, was proved by Pastur (1973, 1971, 1972), and subsequently by
Nakao (1977) (see also Fukushima (1974) and Fukushima et a! (1975) for the case
where the Laplacian is replaced by its discrete version on [*(Z%), Kotani (1976) and
Nakao (1977) for the case where the potential V is a random measure on R and
Gusev (1977) for an extension to more general elliptic operators) by very different
methods, under the stronger assumptions that V(x, w) is an ergodic random field on

R? with almost surely continuous sample paths and such that E{exp[—¢V (0, w)]} <
+oo V>0,

It is an interesting problem to check if the non-decreasing function p”(A) actually
depends on the boundary conditions (Dirichlet in our case) imposed at the boundary
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of the sets {A,}. The next theorem shows that under an additional assumption on the
negative part of the random field V(x, w) the effect of the boundary conditions vanishes
in the thermodynamic limit A, » R%.

Theorem 3.3. Let V(x, w) satisfy assumption A and assume in addition that:

(a) if the index set I is R? (i) sup pﬂ,b)(/\, w)e LY(Q, P) where the sup is taken
over all the vectors @ and b such that |a;|<1, |b|<1, a, b;cQ, i=1,...,d; (i)
E{Tr exp[—to(—AX, +qV)]} is finite for some #,>0 and some q > 1 where —AYR, is the
Neumann Laplacian in L*(Ao), Ao being as in assumption A;

(b) if I =Z only the second of the above conditions is necessary.

Then there exists on R a non-decreasing function p~(A) such that for anyAeQ

1
lim ’—A—!Pf,(r\, w)=p"(A) AS

where {A,} is a regular family in & or in %, increasing to R* and furthermore
pN(A)=p°(A) for almost all A e R.

Proof. As usual we discuss only the case I =R*. We remark first of all that using
proposition 2.2, for A € Q fixed, the process Fa(w) = —ph (A, w) is superadditive in the
sense of Akcoglu and Krengel and satisfies, by assumption, the additional condition
of theorem 3.1. It follows thatlim,. .« |A, "lpIX,(A, w), where (A,) is as in the statement,
exists almost surely and it is equal to inf(EpX (A, w)/|Al, A€ &, |A|>0)=p"(1); the
extension of pN(A) for A e R\Q can be done as in theorem 3.2. Let us now estimate
the difference p™(A)~p°(A)= G(A). Since by proposition 2.2 p} (A, w) ~ph(A, @)=0,
VA<R’ VA eR for almost all w, we have that G(A)=0; on the other hand, using
theorem 3.2 and the above result for p™(A), G(A)<|A|T'E[pN (A, @) —pX (A, »)],
YA <R Itis then sufficient to show that lim, -« IA,I_lE[pi',(/\, w)—pn (A, w)]=0for
a sequence of cubes A, increasing to R? or, using the estimate

J’; (PR, @) =pR (X', w)) dA’S%e”*(LR'(t, ®)=LR(t »)), >0,
where

LY(t, w)= J :o e™™ dpi (A, ) = Tr{exp[—t(-AX + V) ]}
and the same for L°(¢, w), that

1
lim_ mE[LN,(:, w)=LA(t,w)]=0

for some ¢t >0. To prove this we need the following lemma.

Lemma 3.1. Let A be a hypercube of size M centred at x =0 and let V € L?(A) where
p is as in lemma 2.1. Then
0<Tr{exp[—t(—AN+ V) ]} - Tr{exp[—t(—A% + V)]}
<Tr{exp[—t(—AX +q V)" *{Tr{exp(+1AX)] - Trlexp(tAR)]}"/*
Vg>1,s>1suchthatg '+s'=1.
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Proof. We remark first of all that using proposition 2.1 and a limiting argument it is
enough to prove the lemma only for Ve Cg (A). Now let K Yix,y,t) and K S, y, t)
be the kernels of exp[—#(—AX+ V)] and exp[~t(—A% + V)] respectively. It can be
proved (see e.g. Bratteli and Robinson 1981) that for both KV and K one has the
following representation in terms of the Wiener measure:

Ko, y, )= J dPi,(w) exp(— L , V(ws) ds) x(w, e AVs=<1),

Kvix,y,00= Y JdP;,,,(w)exp(—J: V[s(ws)]ds),

uee '(y)

where P, is the conditional Wiener measure on the space of continuous functions
w: [0, {]>R? (see e.g. Simon 1979 and Nakao 1977) and & is the function from R?
onto A defined by

e(x)i=xi—kM if 2k —)M <x; <(2k +)M,
e(x)i=Qk+DM-x, it Qk+IM <x,<2k+IM,
i=1,...,d
Using the above representation we obtain immediately that

K¥(ox0-K2x 0= 3, [Pl exp(~] View)lds)xs)
(x) 0

use

where xa(w) is one if w is such that w;2 A for some s <t and zero otherwise. Using
now the Hdlder inequality with exponents ¢ and s, once in the Wiener integral and
once in the sum, we obtain

K“&(x,x,z)—KB(x,x,t)s[ ¥ JdP;,u(w)exp(—joqu[e(ws)]dsﬂl/q,

uce '(x)

1/s
( ) JdPi,u(w)xA) =[K v (x, xt)]1"9 K5 (x, x, ) — K (x, x, 1)]'7",

uee '(x)

where K% and K are the kernels of exp(tAﬁ) and exp(tAlA)) respectively.
Since for Ve C§ (A) both K¥ (x, y,t) and K ° &, y, t} are jointly continuous in x
and y for ¢t >0, we have that

Tr{exp[—t(—Af + V)]}—Tr{exp[—t(—Af + Wi}
= J dx (KV(x, x, ) =Ko (x, x, 1))
A

<[Triexp[—t(=AN + V)]V *{Trlexp(tAY)] - Trlexp(tAD) ]}/

by the previous estimate on the difference between KV and Ky and the Holder
inequality with exponents g and s applied to the integral over A.

We can now complete the proof of the theorem. Using the above lemma and
again the Holder inequality, we obtain

1

'A’IE[LIX,(L (l)) _'Lll\),(t, (1))]

1/s

1
A

<{E[L"(, w, q)]}”"( {Tr[exp(m’:,)]—Tr[exp(tA?,)]})
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where Lf,(t, w, q) is the same as Lf,(t, ) but computed for —Af,+ qV{(‘, w). Assume
now that A, has size r € N and let {Ai} be the collection of the basic cells of Z¢ inside
A,. Since —AA +V(i,w)s@Pi( AA + V (-, w)) where ——AA is the Neumann Lap-
lacian on L? (A ) and @ is the direct sum (see e.g. Reed and Simon 1978b), we obtain:

—E[LY {t w,q)]s (Z LA t, w, q)) E[LR‘O(t, w, q)]<+00

IAI IAI
by assumption; since |A,| " {Tr{exp(tAX )]— Tr(exp(tAX )]} » 0 as r > +c0 (see e.g. Pastur
1971) the theorem is proved.

Remark 3.3. Benderskii and Pastur (1970) proved the above result with only the
assumption of the existence of the first moment of |V (x, w)| in the one-dimensional
case, using methods from the Sturm-Liouville theory. For a more detailed analysis
of p(A) in the one-dimensional case we refer to the paper by Molchanov (1981). We
also notice that the theorem covers the case of mixed and periodic boundary conditions
since they are in between the Dirichlet and Neumann case.

We end the section by giving a sufficient condition on the random field V(x, w)
such that the conditions of the previous theorem in the case when the index set [ is
R* are satisfied.

Theorem 3.4. Assume E{exp[—tV (0, w)]} <+ for some >0 (and hence for all
s<t). Then

(i) sup ph(A, w)e L'(Q, P) where the sup is taken over all cubes inside Ao;

(i) E{Tr[exp(—AR + V., )]} < E{exp[—tV (0, w)] Tr[exp(tAX)]} for any bounded
hypercube A in R%;

(iti) let p(A) = pN(A) =pD(A) according to theorem 3.3 and let L(¢) be its Laplace
transform; then

L)< Qmt) Y?Efexp[—tV (0, )]}

Proof.

(i) Let V™ (x, ) denote the negative part of V(x, w). Then, using the assumption
E{exp[—tV (0, w)}} < +0, it is easy to show that E{([, |V (x, w)” dx)™} <+ for any
bounded hypercube A< Rd, VYp, m <+, Let now A be fixed and let, for 1>¢ >0,
ba(e, V) be the constant appearing in lemma 2.1 computed for V™ (x, w). It is not
difficult to check, using the Sobolev embedding theorems, that b,(e, V) can be taken
proportional to ([, |V 7 (x, w)|” dx)™ for some p and m sufficiently large, depending
only on the dimension d. Using now the estimate of proposition 2.1 on the eigenvalues
of HY (w), we obtain

A+bale, Vo,
PIX(/\, w)s #{kEN;ufs__A(_s__)}

(1-¢)

A+bale, V)2
< constant |A| I—L)
1-¢
A +ba(e, VT)|4V2
+ constant(l +constant |A| }——’}(LT—) )
€

(see e.g. Reed and Simon 1978b, ch XIII, 15, proposition 2). It is clear that the
supremum over A in the basic cell Ag of this last expression is in LYQ, P).
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(ii) Let A <R be fixed and let for M >0 Vi (x, w) =max(—M, V(x, »)). Then, by
the Golden-Thompson inequality (see e.g. Reed and Simon 1978b) we have

Tr{exp[—t(—AX + Var)]} < Tr[exp(32AR) exp(—tVar) exp(3tAX)]

= ¥ expl-) j len (0 expl=1Vir(x, )] dx,

n=

where {¢,} and {u ) } are the eigenfunctions and eigenvalues of the Neumann Laplacian
on L*(A). Taking now the expectation of both sides of this inequality, using the strict
stationarity of V(x,w) and the obvious estimate E{exp[—tVi(x, w)]}=
E{exp[—tV(x, w)]}, we obtain

E[Triexp[—1(—AX + Vi (-, 0))]}] < Trexp(tAX)1E{exp[—1V (0, »)]}

for any M >0. Since as M > +00, Vy,—> V in L?(A) where p is as in lemma 2.1, we
obtain the statement by taking the limit M - +0 in the last inequality, using the result
(e) of proposition 2.1 and the monotone convergence theorem.

(iii) Let p(A)=p"(A) =pD(A); as we have already remarked oA <
IA|"'E[p\ (A, w)] for any hypercube A in R?, so that

+o0

[ exp(—m)dp”(ns]-i—,j_ exp(—) d{E[PY (A, )]}

“+00

1
= mE J‘_ao exp(—-M) dpx (A, (l)),

by Fubini’s theorem; this last expression using (ii) is bounded by
|AI™ E{exp[~1V(0, 0)]} Trlexp(rA})]

so that taking the limit A~ R and observing that |A|™' Tr[exp(tA})] converges as
A->R? to 27t) Y2 (see e.g. Pastur 1971) we get the result.

Remark 3.4. Estimate (iii) on L(¢) was proved under the stronger assumption of the
continuity of the sample paths of V(x, w) by Pastur (1977), Fukushima (1974) and
Nakao (1977) using a representation of L(t) as a Wiener integral. In the discrete case
I =277 the situation is more complicated since the random field V(x, ) is no longer
strictly stationary. However in order to assure the boundedness of
E{Tr[exp(—t(—AK’o-% V(-, w))]} we can use lemma 2.1 and obtain

E{Tr[eXP(_t(_Axo + V( Ty w)))]} = E{exp[bO(e’ Vw)t]} Tr[exP(EtATo)]

where bo(e, V) is the constant appearing in lemma 2.1 computed for V, restricted
to Ag; as has already been remarked, using the Sobolev embedding theorems, bo(e, V..,
can be taken proportional to ||V, [f«u, for sufficiently large k and g, provided
| VullEacap) < +00 almost surely. Here ¢ is an arbitrary number between 0 and 1. We
also remark that results analogous to the above theorem can be obtained by combining
the path integral approach to the density of states used by Pastur and recent estimates
obtained by Carmona (1979) on Wiener integrals.

4. Asymptotic results for A - +

We prove here some asymptotic results for the limit function p”(A) in the case when
A goes to plus or minus infinity. They can be looked upon as an extension to our
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case of previous results obtained by Pastur (1973) and Nakao (1977). Throughout
the section the random field V{(x, w) is assumed to satisfy assumption A and pP(\)
will denote the corresponding limit function constructed according to theorem 3.2.

Theorem 4.1.

lim A~ = (2m) r,
A=>+00
where 7, is the volume of the unit sphere in R%.

Proof. As before we give the proof only in the case when the index set I of assumption
A is RY the other case being analogous. We remark first of all that, using corollary
3.1(a),

lim A™¥?pP(A) < +00 Vd=1.

A —=>+00

For d =3 this is obvious from the estimate p°(A) < C,E(|V(0, w)—A]??). For d =2
or d =1 the same holds if we take the arbitrary constant n >0 appearing in estimates
(ii) and (iii) of corollary 3.1(a) proportional to A. Let us now prove the correct lower
bound for the limit. Since p(A) =supacs |A|'E[ph (A, )] we have

_ . E
lim A~?pP(A\)= lim A~¥*—=
A=>+0C A= +0O IAl

[R (A, )] VACR’.
Using now Fatou’s lemma and the result of proposition (2.3), we obtain

—an E _
lim A d/z—[pD()«,w)]Z(Zw) i
At |A|

Upper bound. We first discuss the case d =3. Let Ac R? be fixed and let us write
E[pR (A, 0))/|A| as

IAIElpR (A, @)]=|A[T'E[# (n € N; A [HR (0)~ 1]<0)]. (5)
We now decompose the random field V(x, w)—A in two parts;

Wl(x9 /\s 0)) = (V(x’ w)—/\)x(V(x, O)) sA(l "a))9

Walx, A, ) =(V(x, 0) = A)x(V(x, w)>A(1-a)),

where « > 1 is an arbitrary constant, so that, for any 1> ¢ >0, the operator H D(w)—A
can be written as

HR (w)—A=HR{ () +HY; (@)
where
HYf (@)=~(1-)AR + Wi(w) and HR3 (@)= ~eAR + Wi(w).
Using this decomposition, (5) is bounded by
AT E[# (n e N A [HR (0)]<0)]+|A| E[#(n e N; A [HR3 (0)]<0)] (6)
(see e.g. Reed and Simon 1978b, theorem XIII 80).
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We now estimate separately each term of (6). The first term, using proposition
3.1 and the stationarity of V(x, w), is bounded by

el

The second term, using the bound W (x, w, A) = —aA, is estimated by

d/2 d/2

Wl(xa w, A)
£

Hﬂ(l;“’_):_" X(V(O,w)SA(l—a))}. (7

dx}=E

1 b, _ @A
]—A-lE[ #(n eN; /\n(—A,\)sT——>}

d/2 (d~1)/2,

al

C i

(see e.g. Reed and Simon 1978b, ch XIII 15, proposition 2 for a proof of this last
inequality). Combining now (5), (6), (7) and (8) we obtain

< (27) %y +constant(|A|_1 +]A|Y

a
1-¢

1 V{0, Y d/2
A ElPR w)<E| [% XV, ) <A(1-a)}
a/2 {d—1)/2,
+(2m) %y 100\ +constant(|A["+[A|‘”d 1a_ ),
- —€
Ye>0,Va>1. ©9)

Taking now in (9) the limit A, » R% where {A,}is a regular family in & increasing to

Rd, we obtain using theorem 3.2

{l V(0, w)—A|%?
£

pP\)<E X(V0, )< A(1-a)}

da/2

ad |7 Ve>0,Va>1.

1-¢

+Q2m) %y

Dividing by A ~%? and passing first to the limit A - +00 and subsequently to the limits
-0, a>1, we obtain

A@o AP < 27) 7,

The proof in the case d =2 or d = 1 goes along the same lines with the only difference
that estimate (7) must be replaced by

E{(V(0, w)=M)x(V(0, w)<A(1—a))—n[’}/n"", Vn>0,p>1,
as in assumption A, if 4 =2, and by
E{(V(0, )~ Mx(V(0, w)<A(1—a))—nl}/Vn, Vn>0ifd=1.

It is then sufficient to take the arbitrary constant n = oA, o >0, and pass to the limit
o - 0 after the limits A > +00, ¢ >0, a > 1.
We now turn to examine the behaviour of p”(A) as A > —c0,

Theorem 4.2.
(i) Let y>0 be such that ¥ +d/2>1 and assume that E{|V (0, w)|"*¥?*} <+ in
the case when the index set I is R% or E{j',\nIV_(,\:,cu)l*”i/2 dx} <+ in the case
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I=27° Then
-1
J' IA]” dpP(A) < K4, E{V(0, )" "% if I =R%,
J A" dpP1) =< Kd,,E{ J' V(x, w)]"*¥? dx} if I =27°
—o0 Ao

Here as usual V™ (x, w) denotes the negative part of V(x, w) and K,, is a positive
constant.

(i) If the index set I is RY, lim,._« —|A|" In[P(V(0, w)<A)]<B, >0, B>0
implies

lim_—|A]™ In[p°(W)]<B.

Proof.

(i) Since p°(A) as a measure on R is the weak hmlt of pA (A, w)/|A,| for almost
all w, where {A,}is a regular family in & with A, » R? (or A, € % in the case I =Z%),
we have

_1 -
J Al dpD(A)=klim J A" dp®(r)
—o - —00 k

1
hm lim — J A]” dpa, (A, w)

k—>— mn-»colA '
-1

1
< lim —J A1 doa, (A, @)

’l—>+®l n]

1
= Jim r = S HR, @)X WHR, @)]<-1). - (10)
Since )«,-[HE" (@)= A[-A+ V7 (-, w)xa,] Vi, where —A+ V7 (-, w)xa, acts on L*(RY)
and xa,(x)=1if x € A, zero otherwise (see e.g. Reed and Simon 1978b), we get that
(10) is bounded by

lim — ZlA[ A+ V7, 0xa X Al-4+ V(- @)x4,1<0)

n~>+co,

V7 (x, )] dx = K, E{|V7(0, 0)]"**%}

in the case I =R or equal to E{f,, IV (x, )”*¥? dx} in the case I =Z° Here we
have used the Lieb-Thirring bound on the sum of the y-power of the negative
eigenvalues of —A+ V on L*(RY) (see Lieb and Thirring 1976):

ZI/\( —A+ V)"x(Ai(= A+V)<O)<Kdv_”d]V—(X)]Hd/zdx

where K, is a positive constant depending only on d and ¥, and the ergodic theorem
for metrically transitive random fields (see e.g. Tempelmann 1972).

(ii) It is a straightforward consequence of the estimate (i), (ii) and (iii) of corollary
3.1(b).
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We conclude with two examples. The first one shows that in general the estimates

of corollary 3.1(b) and of the above theorem cannot be improved; the second one
generalises a result on the asymptotics of p”(A) as A -» —co0 obtained by Pastur (1977)
and Nakao (1977) for gaussian random fields V(x, w) with continuous sample paths,
to the case when this condition is not assumed.
Example 1. Let {g;(w)};cz¢ be a stationary metrically transitive random field on Z°
such that E{|qo(w)’} < +00 where p is as in lemma 2.1, and let also V(x, w) = q:(w)
Vx € Ao+i, Ao being as in assumption A. Then V(x, w), as a random field on R?,
satisfies assumption A, and the associated limit function p°P(1) constructed according
to theorem 3.2 is estimated from above by

pD(A)sch{j [V (x, w) = A" x( x,w)<,\)dx}
= CaE{lqo(w) — A |**x (qo(w) < A)} (11)

in the case d =3 and analogously for d =2 and d =1 (see corollary 3.1(b)). Let us
now assume for example that for some a > p lim, ..« [A|*P{go(w) <A)= B, B being
an arbitrary finite constant. As can be checked, (11) implies that

Alir_n [A]*~%2pP(A) < constant B.
On the other hand, according to theorem 3.2 p°(A) =supa.s, E|A|"{p5 (A, @)} so that

pP(A)=E{pR, (A, @)} = E{#(n e N; A, (—AR) <A —go(w)}
= E{r4(2m) g0~ A|“*(1 - constant(|qo(w) — A" %>
+]q0(@) —AT)x(go(w) <o)}, Yo>1, (12)

(see again Reed and Simon 1978b for this estimate). From (12) it follows immediately
that

1 da/2?
lim A1*"2P)>2m) B d———(" )

Vo>1.

It is worthwhile to remark that in the case when the Laplacian —A is replaced by its
discrete version on /*(Z%) it is possible to prove (see Fukushima 1980) that p°(1) goes
to zero as A goes to minus infinity precisely as the quantity P(V(0, w) <A) (actually
pP(A) in the discrete case is independent of the boundary conditions under very
general assumptions on the random field V(x, w), x € Z%); a crucial role in this result
was played by the boundedness of the discrete Laplacian on /*(Z%). The above example
and corollary 3.1(b) show that in the continuous case a correction proportional to
IA|? is present.

Example 2, Let V(x, w) be a jointly measurable gaussian random field on R* with
correlation function h(x —y) = E{V(x, @) V(y, w)}. Without loss of generality we can
also assume that E{V(0, w)}=0. Let p”(1) be the associated limit function; since
the conditions of theorems 3.4 and 3.2 are clearly satisfied, p”(A) is actually indepen-
dent of the boundary conditions, so we will write p(A) instead of p°(A). Then for
p(A) one has the following asymptotic result:

Jim —A7 Info(0)] = [2h(0)] ™,
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Proof. Using theorem 4.2 (ii) it is enough to prove the lower bound

lim —A7*In[p(A)]=[2h(0)]". (13)

A=>—30

As in example 1 we can bound p(A) from below by E {p?0 (A, w)}. Obviously

E{pR, (A, @)} = P{A[-AR,+ V(-, 0)]<A}

oA

with L(Ao)-norm equal to one, since by the min-max principle

dxle )PV (x, ) <A —L Ve (x)f dx} Vo € HY (A0) (14)

0

@€ Ho(Ao)
[agle(x)i? dx=1

M-AZ 4 V(L 0)l=  int {J' Vet dx+ L PV (s, w) d)

Using now the gaussian character of V(x, w), it is easy to show (by computing e.g.
the characteristic function) that ¢, =, dx lo(x)V (x, w) is again a gaussian random
variable with mean zero and variance o, =J,_dx f,_ dy lo () le (y)Ph(x —y), so that
(14) implies

lim -2 )220, Ve e H (Ao with [eling = 1. (15)
Finally we observe that since h(x) is a measurable positive definite function on R
satisfying the estimate |4 (x)| < k£ (0), it is also continuous (see e.g. Gelfand and Vilenkin
1966), so that taking in (15) a normalised §-sequence ¢., ¢, € H o (Ao) Vn, shrinking
at the point x =0 we obtain

lim —A"*in[p(A)]=[2A(0)]"".

A=>—00

Acknowledgments

It is a pleasure for us to thank Professor Albeverio for his kind constant attention
and constructive comments. The second author would also like to thank Professor G
F Dell’ Antonio for helpful discussions and encouragements, and Professors Zehnder
and Albeverio for their warm hospitality at the Mathematisches Institut der Ruhr-
Universitdt Bochum.

References

Adams R 1975 Sobolev spaces (New York: Academic)

Akcoglu M A and Krengel U 1981 J. Reine Angew. Mathematik 323 53-67

Benderskii M and Pastur L A 1970 Mat. Sbornik 82 245-56

Bratteli O and Robinson D W 1981 Operators Algebras and Quantum Statistical Mechanics 11 (Berlin:
Springer)

Carmona R 1979 J. Funct. Anal. 33 259-96

Faris B 1975 Selfadjoint operators, Lectures Notes in Math. 433 (Berlin: Springer)

Fukushima M 1974 Osaka J. Math. 11 73-85

—— 1980 On the asymptotics of spectra of Schrddinger operators with a random potential, Preprint Bielefeid

Fukushima M and Nakao S 1977 Z. Wahrscheinlichkeittheorie verw. Geb. 37 267-74



2156 W Kirsch and F Martinelli

Fukushima M, Nagai H and Nakao S 1975 Proc. Jap. Acad. 51 100-2

Gelfand I M and Vilenkin N Ya 1966 Generalized functions vol IV (Oxford: Pergamon)

Glimm J and Jaffe A 1981 Quantum Physics: A functional integration point of view (Berlin: Springer)

Gusev A 1 1977 Math. Shornik 33 no 2 185-202

Kirsch W 1981 Uber Spektren stochastischer Schrodingeroperatorer, Thesis Bochum

Kirsch W and Martinelli F 1980 On the spectrum of Schrédinger operators with a random potential, Preprint
Bielefeld to appear in Commun. Math. Phys.

—— 1981a On the ergodic properties of the spectrum of general random operators, Preprint Bochum to
appear in J. Reine Angew. Mathematik

~—- 1981b Selfadjointness of stochastic Schrodinger operators, Preprint Bochum

—— 1981c Proc. VI Int. Conf. on Mathematical Physics, Berlin 1981, Lecture Notes in Physics (Berlin:
Springer) 153 380-2

Kotani S 1976 Publ. RIMS Kyoto University 12 447-92

Krengel U 1982 Ergodic theorems ch VII § 2, in preparation

Lieb E H 1976 Bull. Am. Math. Soc. 82 751-3

Lieb E H and Mattis D C 1966 Mathematical Physics in One Dimension (New York: Academic)

Lieb E H and Thirring W E 1976 in Studies in Mathematical Physics, Essays in Honor of Valentine
Bargmann ed E H Lieb, B Simon and A § Wightmann, Princeton Series in Physics

Lifshitz I M 1965 Sov. Phys.—-Usp. 7T no 4 549-73

Molchanov J A 1981 Commun. Math. Phys. 18 429-46

Nakao S 1977 Japan J. Math. 3 111-39

Pastur L A 1971 Teor. Mat. Fiz. 6 415-24

-—— 1972 Funkt. Anal. Prilozheniya 6 934

—— 1973 Russ. Math. Surveys 28 1-67

—— 1977 Teor. Mat. Fiz. 32 88-95

Reed M and Simon B 1978a Methods of Modern Mathematical Physics vol 11 (New York: Academic)

—— 1978b Methods of Modern Mathematical Physics vol IV (New York: Academic)

Robinson D W 1971 The thermodynamic pressure in Quantum Statistical Mechanics (Berlin: Springer)

Romerio M and Wreszinski W 1979 J. Stat. Phys. 21 no 2 169-79

Simon B 1978 J. Funct. Anal. 28 377-85

—— 1979 Functional Integration and Quantum Physics (New York: Academic)

Slivnyak 1 M 1966 Zh. vychisl. Mat. mat. Fiz. 6 11048

Tempelmann A 1972 Trudy Moskov Math. Soc. 26 94-131

Weidmann J 1980 J. Integral Equations and Operator Theory vol 3/1 p 138



